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Abstract: Braneworld cosmology for a domain wall embedded in the charged
(Anti)-de Sitter-Schwarzschild black hole of the five–dimensional Einstein-Gauss-
Bonnet-Maxwell theory is considered. The effective Friedmann equation for the
brane is derived by introducing the necessary surface counterterms required for a
well-defined variational principle in the Gauss–Bonnet theory and for the finiteness
of the bulk space. The asymptotic dynamics of the brane cosmology is determined
and it is found that solutions with vanishingly small spatial volume are unphysical.
The finiteness of the bulk action is related to the vanishing of the effective cosmo-
logical constant on the brane. An analogy between the Friedmann equation and a
generalized Cardy–Verlinde formula is drawn.
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1. Introduction
The holographic principle in string/M–theory is formulated in terms of the AdS/CFT
or dS/CFT correspondences [1, 2, 3]. These correspondences have bridged the gap
between previously distinct branches of high energy physics. In particular, it has
become clear that the physics of higher–dimensional black holes is closely related to
that of early universe cosmology. The possibility that our observable universe may
be viewed as a domain wall or ‘brane’ living on the boundary of a higher–dimensional
black hole has recently been extensively discussed [4, 5, 6, 7, 8]. In extensions to the
second Randall–Sundrum model [5], for example, the brane is embedded in a five–
dimensional Schwarzschild–Anti de Sitter (SAdS) bulk and the mass of the black
hole induces a ‘dark radiation’ term into the effective Friedmann equation on the
brane [9]. This term alters the asymptotic behaviour of the cosmic dynamics at
high energies [10]. Thus far, attention has focused primarily on the case where
the higher–dimensional bulk is represented by an AdS black hole (or more simply
pure AdS space). However, the recently proposed dS/CFT correspondence provides
motivation for considering the scenario where the bulk is (asymptotically) a de Sitter
black hole [2, 3].
In an attempt to place the braneworld scenario in a more string theoretic setting,
a number of authors have considered the effects of introducing higher–derivative
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terms in the curvature [11, 12, 13, 14, 15, 16, 17]. Within the context of the AdS/CFT
correspondence, higher curvature terms in the bulk theory can arise as next–to–
leading order corrections in the 1/N expansion of the conformal field theory (CFT)
in the limit of strong coupling [18]. The Gauss Bonnet (GB) combination of curvature
invariants is of particular interest to the braneworld cosmological scenario [13, 15,
16, 17]. This combination appears naturally in the next–to–leading order term of
the heterotic string effective action [19, 20]. Although it contains higher–derivative
gravitational terms in the metric, it is the unique combination in five dimensions
that results in second–order field equations, albeit of a much more complicated form
than that of standard Einstein gravity [21]. Furthermore, from the point of view of
the Randall–Sundrum scenario [5], this property is crucial in ensuring a localization
of gravity on the brane [14]. The singular source associated with the brane manifests
itself as a δ–function in the energy–momentum tensor and this must be cancelled, at
the level of the field equations, by second derivatives in the metric.
In view of the above developments, therefore, the study of black holes and
braneworlds in the GB theory is well motivated, both from the field theoretic and
cosmological points of view. Recently, Cai found a class of topological black holes in
D–dimensional Einstein–GB theory with a cosmological constant [22], generalizing
an earlier solution due to Boulware and Deser [20]. These solutions were further gen-
eralized to a class of charged SAdS and Schwarzschild–de Sitter (SdS) black holes in
the Einstein–GB–Maxwell theory, where a non–trivial electromagnetic field is present
[23]. In this paper, we investigate the dynamics of four–dimensional vacuum branes
embedded in this class of five–dimensional (Anti)–de Sitter black holes.
The structure of the paper is as follows. We present the bulk black hole solutions
and the general form of the braneworld Friedmann equation in Section 2. We proceed
in Section 3 to derive the effective Friedmann equation on the brane for the case
where the higher–dimensional spacetime is asymptotically AdS. We determine the
asymptotic behaviour of the brane cosmologies in Section 4 for this case. In Section
5, we consider the corresponding scenario where the bulk space is asymptotically de
Sitter. Section 6 contains a discussion on the (generalized) Cardy–Verlinde formulae
[24, 25] in both Einstein and higher–derivative theories of gravity with a cosmological
constant. We conclude with a discussion in Section 7.
2. Bulk Black Hole Geometry and Brane Dynamics
The (d+1)–dimensional Einstein–GB–Maxwell bulk action has a matter sector con-
sisting of a one–form gauge potential, Aµ, with an antisymmetric electromagnetic
field strength, Fµν ≡ ∂µAν − ∂νAµ, and a higher–order GB term in the gravitational
– 2 –
sector of the theory. The action is given by1
S =
∫
dd+1x
√−g
{
1
κ2
R− Λ + c (R2 − 4RµνRµν +RµνξσRµνξσ)
−1
4
gµνgρσFµρFνσ
}
, (2.1)
where c is an arbitrary coupling constant, κ2 parametrizes the (d + 1)–dimensional
Planck mass, the Riemann tensor, Rµνξσ, and its contractions are constructed from
the metric, gµν , and its derivatives, g ≡ detgµν and Λ represents the bulk cosmological
constant.
By extremising the variations of the action (2.1) with respect to the metric tensor
and gauge field, respectively, we obtain the field equations
0 =
1
2
gµν
{
c
(
R2 − 4RρσRρσ +RρλξσRρλξσ
)
+
1
κ2
R− Λ
}
+c
(−2RRµν + 4RµρRνρ + 4RµρνσRρσ − 2RµρστRνρστ)
− 1
κ2
Rµν +
1
2
(
F µσF νσ − 1
4
FσρF
σρgµν
)
(2.2)
∂ν
(√−gF µν) = 0. (2.3)
We consider the case where the bulk spacetime corresponds to a static, hyper–
spherically symmetric geometry with a line element given by
ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + r2
d−1∑
A,B=1
g˜ABdx
AdxB , (2.4)
where {ν(r), λ(r)} are functions of the radial coordinate, r, and the metric g˜ij is
the metric of the (d− 1)–dimensional Einstein manifold with a Ricci tensor defined
by R˜ij = kgij . The constant k has values k = {d − 2, 0,−(d − 2)} for a (d −
1)-dimensional unit sphere, a flat Euclidean space and a (d − 1)-dimensional unit
hyperboloid, respectively.
Restricting to the five–dimensional case (d = 4), Eqs. (2.2) and (2.3) admit the
charged black hole solution [23]:
e2ν = e−2λ
=
1
2c
{
ck +
r2
2κ2
1In this paper, upper case Latin indices run from (A,B) = (1, 2, 3) over the spatial sections of
the world–volume of the brane, lower case Latin indices span the world–volume, (i, j) = (0, 1, 2, 3),
lower case Greek indices span the bulk coordinates, y is the component associated with the fifth
dimension and a comma denotes partial differentiation.
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±
√
r4
4κ4
(
4cκ2
l2
− 1
)2
− 2cµ
κ2
(
4cκ2
l2
− 1
)
− 2cQ
2
3r2

 , (2.5)
Ftr =
Q
r3
, (2.6)
where the constants {Q, µ} are related to the charge and gravitational mass of the
black hole, respectively, and
1
l2
≡ 1
4cκ2
(
1±
√
1 +
2cΛκ4
3
)
. (2.7)
The constant, l2, is determined by the Gauss–Bonnet coupling parameter, c, and
the bulk cosmological constant, Λ. It corresponds to the length parameter of the
asymptotically AdS space when r is large. If cΛ > 0, l2 can be formally negative
and the spacetime then becomes asymptotically de Sitter. (In this case, it represents
a charged de Sitter space or the charged Nariai (SdS) black hole. See Ref. [23] for
details). In principle, the above solution (2.5)–(2.6) for positive l2 generalizes the
well-known Reissner-Nordstrom-AdS black hole solution to Einstein–GB–Maxwell
gravity. Moreover, it may also correspond to pure, charged AdS space and it has
been observed that Hawking–Page phase transitions [26] between the SAdS black
hole and pure AdS space can be realized [23]. We refer to the two solutions in Eq.
(2.5) as the ‘positive–’ and ‘negative–branch’ solutions, respectively. They reduce to
the class considered recently by Cai in the charge neutral limit (Q = 0) [22].
We now proceed to consider the motion of a domain wall (three-brane) along a
timelike geodesic of the five–dimensional, static background defined by Eqs. (2.4) and
(2.5). The equation of motion of the brane is interpreted by an observer confined to
the brane as an effective Friedmann equation describing the expansion or contraction
of the universe. ¿From this Friedmann equation, we can deduce the energy and
entropy of the matter in the brane universe. Specifically, we consider a brane action
of the form:
Sbr = −η
∫
d4x
√−h, (2.8)
where η is a positive constant representing the tension associated with the brane and
h is the determinant of the boundary metric, hij , induced by the bulk metric, gµν .
We employ the method developed in Ref. [12] to derive the Friedmann equation.
The metric (2.4) is rewritten by introducing new coordinates (y, τ) and a scalar
function A = A(y, τ) that satisfies the set of constraint equations:
l2e2A+2λA2,y − e−2λt2,y = 1 ,
l2e2A+2λA,yA,τ − e−2λt,yt,τ = 0 ,
l2e2A+2λA2,τ − e−2λt2,τ = −l2e2A , (2.9)
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where a comma denotes partial differentiation. When λ = −ν, as in Eq. (2.5), the
metric (2.4) may then be written in the form
ds2 = dy2 + e2A(y,τ)
4∑
i,j=1
g˜ijdx
idxj , (2.10)
where r = l exp(A). The non–trivial Riemann components and its contractions for
this metric are shown in the appendix. Since we are interested in the cosmological
implications, we assume that the metric, g˜ij, respects the same symmetries as the
metric of the Friedmann–Robertson–Walker (FRW) models, i.e., we assume that
g˜ijdx
idxj ≡ l2 (−dτ 2 + dΩ2k,3) , (2.11)
where dΩ2k,3 is the metric of unit three–sphere for k > 0, three–dimensional Euclidean
space for k = 0 and the unit three–hyperboloid for k < 0. Thus, choosing a timelike
coordinate, t˜, such that dt˜ ≡ leAdτ , implies that the induced metric on the brane
takes the FRW form:
ds2brane = −dt˜2 + l2e2AdΩ2k,3. (2.12)
It follows by solving Eqs. (2.9) that
H2 = A2,y −
e−2λe−2A
l2
, (2.13)
where the Hubble parameter on the brane is defined by H ≡ dA/dt˜. Thus, for a
vacuum brane that has no matter confined to it, the cosmic expansion (contraction)
is determined once the functional forms of {A, λ} have been determined.
3. Brane Dynamics in Asymptotically AdS Space
In this Section we consider the brane equation of motion in an asymptotically AdS
space, corresponding to l2 > 0. We defer the case l2 < 0 to Section 5.
The functional form of A,y is deduced by deriving the surface counterterms in the
Gauss–Bonnet theory (2.1) that generalize the Gibbons–Hawking term in Einstein
gravity [27]. This has been done previously in Ref. [23] and we briefly summarize
the approach here. The reader is referred to [23] for details. Auxiliary fields, F ,
Bµν and Cµνρσ are introduced and the Gauss–Bonnet sector of the action (2.1) is
rewritten in terms of these variables by employing the field equations. Imposing
a Dirichlet type of boundary condition allows appropriate boundary conditions to
be imposed on the scalar quantities. This in turn implies that the action can be
expressed in terms of a bulk part and a surface term. The variational principle then
becomes well defined if an appropriate boundary term is introduced. An important
point is that the complete boundary action does not acquire terms from the form
– 5 –
field, since the bulk action for the form field does not contain second– or higher–order
derivatives. Thus, we may extract the relevant equations from [23], specialized to the
Gauss–Bonnet interaction. In particular, the counterterm is identical to Eq. (130)
of [23]:
Sb =
∫
d4x
√−h [4c∇µnµF − 8c (nµnν∇σnσ +∇µnν)Bµν
(3.1)
+8cnµnν∇τnσCµτνσ + 2
κ2
∇µnµ − η
]
, (3.2)
where nµ is the unit vector perpendicular to the boundary and we have also included
the Gibbons–Hawking term and the counterterm (2.8) arising from the vacuum en-
ergy on the brane. Extremizing the variation over F of the full action2 (S+2Sb)|y=y0
then implies that
0 = 16cR,y − 8c
(
4Ryy,y +R
i
i ,y
)
+ 8cC iyiy ,y
+
(
48cF − 192cByy + c
(
56Ryy − 8R ii
)
+
24
κ2
)
A,y + 4η. (3.3)
It is important to emphasize that the boundary terms are derived from the internal
consistency of the theory and are not simply introduced in an ad hoc fashion.
When the metric has the form (2.4) with λ = −ν, the Ricci scalar and non–trivial
components of the Ricci tensor are given by
R = − (e2ν)′′ − 6
r
(
e2ν
)
′ − 6
r2
e2ν +
3k
r2
=
5
ǫl2
∓ 1
2cr6
{
2Q˜4 + 18ǫµ˜(4ǫ− 1)Q˜2r2 + 6 (2ǫµ˜ (4ǫ− 1))2 r4
−31 (4ǫ− 1)
2
4κ4
Q˜2r6 − 15 (4ǫ− 1)
3 ǫµ˜
κ4
r8 + 20
(
(4ǫ− 1)2
4κ4
)2
r12


×
{
− (2ǫµ˜ (4ǫ− 1))− Q˜
2
r2
+
(4ǫ− 1)2
4κ4
r4
}
−
3
2
(3.4)
and
Ryy = e
2νRrr = −1
2
(
e2ν
)
′′ − 3
2r
(
e2ν
)
′
2A factor of two arises because two bulk spacetimes with a common boundary are being consid-
ered. In [5], two copies of the AdS spaces are glued by a brane by imposing the Z2-symmetry. In
deriving the corresponding Friedmann equation in [12], essentially only one side was considered. In
the situation that we are considering above, there are two copies of the AdS space as in [5], and we
therefore need twice the surface counterterms.
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= − 1
ǫl2
∓ 1
2cr6
{
−Q˜4 − 4 (4ǫ− 1)
2
κ4
Q˜2r6 − 6 (4ǫ− 1)
3 ǫµ˜
κ4
r8
+8
(
(4ǫ− 1)2
4κ4
)2
r12

×
{
−2ǫµ˜ (4ǫ− 1)− Q˜
2
r2
+
(4ǫ− 1)2
4κ4
r4
}
−
3
2
. (3.5)
respectively, where a prime denotes differentiation with respect to r, we have defined
the rescaled parameters
ǫ ≡ cκ
2
l2
, µ˜ ≡ l
2µ
κ4
, Q˜2 ≡ 2c
3
Q2 (3.6)
to simplify the notation and the coordinates y and r are related to each other by
dy = e−νdr. Substituting Eqs. (3.4) and (3.5) into Eq. (3.3) then yields a relationship
between A,y and the parameters of the bulk solution:
0 = 4η ± 12
r7
{
3Q˜4 + 16ǫ2µ˜2 (4ǫ− 1)2 r4 + 6Q˜2r2
(
2ǫµ˜ (4ǫ− 1)
+
(4ǫ− 1)2
4κ4
r4
)}
×
{
−2cµ˜(4ǫ− 1)− Q˜
2
r2
+
(4ǫ− 1)2
4κ4
r4
}
−
3
2
×

k
2
+
(
1
4ǫl2
)
r2 ± 1
2c
{
−2ǫµ˜(4ǫ− 1)− Q˜
2
r2
+
(4ǫ− 1)2
4κ4
r4
} 1
2


1
2
+
[
−24c
{
3
ǫl2
± 1
2cr6
{
6Q˜4 + 3Q˜2
(
10ǫµ˜(4ǫ− 1)r2 − 3 (4ǫ− 1)
2
4κ4
r6
)
+2r4

5 (2ǫµ˜ (4ǫ− 1))2 + 6
(
(4ǫ− 1)2
4κ4
)2
r8 − 9 (4ǫ− 1)
3 ǫµ˜
2κ4
r4




×
{
−2ǫµ˜(4ǫ− 1)− Q˜
2
r2
+
(4ǫ− 1)2
4κ4
r4
}
−
3
2

+ 24κ2

A,y . (3.7)
It now only remains to identify the scale factor of the metric on the brane,
a(t˜) ≡ leA, with the radial coordinate, r, of the brane in the bulk metric (2.4):
a = r(t˜) = leA(t˜) . (3.8)
By combining Eqs. (2.13), (3.7) and (3.8), we arrive at the Friedmann equation
describing the motion of the 3-brane in the bulk spacetime. We find it convenient to
express this equation in the compact form
H2 =
G2
H2 −
X(a)
a2
, (3.9)
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where
G = 4η ± 12X
1/2
Y 3/2a7
{
3Q˜4 + 16ǫ2µ˜2 (4ǫ− 1)2 a4
+6Q˜2a2
(
2ǫµ˜ (4ǫ− 1) + (4ǫ− 1)
2
4κ4
a4
)}
(3.10)
and
H = −48
κ2
∓ 12
Y 3/2a6
{
6Q˜4 + 3Q˜2
(
10ǫµ˜(4ǫ− 1)a2 − 3 (4ǫ− 1)
2
4κ4
a6
)
(3.11)
+2a4

5 (2ǫµ˜ (4ǫ− 1))2 + 6
(
(4ǫ− 1)2
4κ4
)2
a8
−9 (4ǫ− 1)
3 ǫµ˜
2κ4
a4
)}
(3.12)
and we have identified the two important functions of the scale factor:
X ≡ k
2
+
a2
4ǫl2
± Y
1/2
2c
(3.13)
Y ≡ −2ǫµ˜(4ǫ− 1)− Q˜
2
a2
+
(4ǫ− 1)2
4κ4
a4. (3.14)
In the following Section, we proceed to analyze the qualitative early– and late–
time behaviour of the cosmic dynamics on the brane.
4. Qualitative Dynamics of the Brane Cosmology
The simplest case to consider arises when the black hole has vanishing mass and
charge. In this case, the Friedmann equation (3.9) simplifies to
H2 =
η2κ4
36
[2± 3|4ǫ− 1|]−2 − k
2a2
− 1
4ǫl2
(1± |4ǫ− 1|) . (4.1)
We should note that the ± signs in (4.1) correspond to the two solutions in (2.7).
Formally, this is equivalent to the standard Friedmann equation, containing a cos-
mological constant term and a curvature term. The three parameters, {η, c, l2}, in
Eq. (4.1) are related by requiring that the leading–order divergence in the bulk AdS
action is cancelled when the brane moves to infinity in the asymptotic AdS space.
The divergence is cancelled if the brane tension satisfies [12]
η
l
=
72c
l4
− 6
κ2l2
. (4.2)
– 8 –
When no higher–order curvature invariants are included in the action (2.1), Eq.
(4.2) reduces to the fine–tuning condition imposed by Randall and Sundrum for the
vacuum brane to respect four–dimensional Poincare invariance [5]. Once the brane
tension has been specified by Eq. (4.2), there are no a priori restrictions on the
remaining two parameters, and in principle, an appropriate choice can then be made
to yield an effective positive cosmological constant on the brane. Consequently, the
brane can undergoe a de Sitter phase of expansion (inflation).
An interesting special case arises for l2 = 4cκ2 (ǫ = 1/4), where the two branches
of the bulk solution (2.5) coincide. Eq. (4.2) then implies that ηlκ2 = 12 and when
this expression is substituted into Eq. (4.1), the effective cosmological constant
vanishes. In this model, therefore, the vanishing of the cosmological constant is
associated with the cancellation of the leading–order divergence of the action. In
the limit of small Gauss–Bonnet coupling, ǫ≪ 1, the brane tension also cancels the
contributions from the five–dimensional cosmological constant when the negative–
branch solution is considered and Eq. (4.2) is satisfied. Unless otherwise stated, we
consider this branch in what follows3.
It is of interest to determine how the expansion of the braneworld is affected
by the charge and mass associated with the bulk black hole. The advantage of the
parametrization (3.10)–(3.14) is that it separates the Friedmann equation (3.9) into
two sectors that both admit a physical interpretation. The first term is determined
by the ratio, G2/H2, and the numerator, Eq. (3.10), contains the brane tension, η,
and some further terms that depend on the parameters of the bulk black hole. In
the limit of small Guass–Bonnet coupling, ǫ≪ 1, and vanishing charge, we find that
G = 4η + O(ǫ2). In effect, therefore, this term parametrizes the vacuum energy of
the brane. By analogy with the standard, four–dimensional Friedmann equation,
the denominator, Eq. (3.11), then plays the role of the effective Planck mass. This
parameter is time–dependent, in general, due to the non–trivial black hole mass and
charge. To lowest–order in ǫ, it also reduces to a constant, H = 24(1−12ǫ)/κ2+O(ǫ2),
when the charge vanishes.
The second sector of the Friedmann equation, X/a2, may be interpreted as a
generalized curvature term. This sector depends directly on the spatial curvature
of the world–volume, k, but also acquires corrections due to deviations of the bulk
geometry from pure AdS space. Indeed, Eq. (3.13) reduces to a constant value in
the limit where the first term on the right–hand side of this equation is dominant.
When Eq. (4.2) is satisfied and the black hole charge vanishes, the limit of the
negative–branch Friedmann equation (3.9) as ǫ→ 0 is given by
H2 = − k
2a2
+
µ
a4
− 2cκ
2µ2
a8
+O(c2), (4.3)
3The bulk solution for the positive–branch has been shown to be unstable [20].
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where we have returned to the original parameters (3.6). As in the massless case
considered above, Eq. (4.2) ensures that the cosmological terms are cancelled. At
this order, the leading terms in Eq. (4.3) correspond to those of the second Randall–
Sundrum model [5], as expected. The term due to the Gauss–Bonnet sector has
a strong dependence on the scale factor and is rapidly redshifted by the cosmic
expansion. Introducing a bulk charge in this limit results in a complicated expression
for the Friedmann equation, where all but one of the new terms that arise do so with
a linear dependence on ǫ. The remaining term arises from the expansion of Eq. (3.13)
and plays the role of a shear or anisotropic stress. It corresponds to the contribution
that arises when the brane is embedded in the Reissner–Nordstrom–AdS black hole
bulk space [7, 28].
More generally, the functions (3.13) and (3.14) play a crucial role in determin-
ing the asymptotic behaviour of the braneworld and, in particular, they must both
remain semi–positive definite if physical solutions to Eq. (3.9) are to exist. (These
functions are not constrained in this way in the special case where Q˜2 = µ˜ = 0, since
Eq. (3.10) then depends only on the brane tension). We may deduce immediately,
therefore, that the effective curvature term in the Friedmann equation (3.9) always
acts to reduce the expansion rate of the brane if the black hole has a mass and/or a
charge. An alternative interpretation is that the brane expands as if its effective cur-
vature is positive and this is independent of its specific curvature, k. An important
consequence of this property is that the brane may recollapse before the effective
cosmological constant on the brane is able to dominate the dynamics4. This is true
for all spatially open, flat and closed branes and therefore differs from the second
Randall–Sundrum scenario based on the SAdS bulk space, where recollapse is only
possible in the positively curved model [5].
In determining the asymptotic behaviour, we first consider the large world–
volume limit, a→∞. It is straightforward to verify that both the mass and charge
become negligible in Eqs. (3.13) and (3.14) as the scale factor diverges. However,
to ensure that the function (3.13) remains positive in this limit, we require that
1 ± |4ǫ − 1| > 0 when ǫ > 0 and 1 ± |4ǫ − 1| < 0 when ǫ < 0. There is no
corresponding limit on the value of the black hole mass. Moreover, the leading–order
term in Eq. (3.10) redshifts as the eighth (sixth) power of the scale factor when the
charge is trivial (non–trivial). Thus, this function tends to a constant, G → 4η, as in
the massless, neutral solution. Similarly, the dominant term in Eq. (3.11) is the term
corresponding to µ˜ = Q˜ = 0. The asymptotic behaviour in the region of parameter
space where the scale factor can become arbitrarily large is therefore given by Eq.
(4.1). This behaviour can be understood from a physical point of view, since an
increase in the spatial volume of the brane corresponds to the brane being located
at greater distances from the event horizon of the black hole.
4We are assuming implicitly in this discussion that the effective cosmological constant on the
brane is positive.
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An ambiguity arises, however, when considering the opposite limit, where the
scale factor becomes small. Let us first consider the case where the black hole is
massive but has vanishing charge. The range of the Gauss–Bonnet parameter, ǫ, is
important in this case. In the region of parameter space 0 < ǫ < 1/4, Eq. (3.14)
is positive–definite for all allowed values of the scale factor. Further motivation
for considering this range of values for ǫ arises from the asymptotic form of the
bulk solution (2.5) as r diverges. In this limit, the metric reduces to the standard
Reissner–Nordstrom–AdS black hole with a real charge [23]. On the other hand, Eq.
(3.13) implies that for the non–positively curved brane, k ≤ 0, it is necessary to
take the positive–branch if a is to become arbitrarily small. In the negatively curved
model, the further constraint, |ǫ(4ǫ−1)| > 2c2/µ˜, must also be satisfied. There is no
constraint for the positively curved brane on the positive branch solution, but the
corresponding limit |Y |1/2 < 2c must be satisfied for the negative–branch.
Nevertheless, even when the above necessary conditions are satisfied, we find
that the ratio
G2
H2 →
4X
25a2
(4.4)
in the limit a → 0. Substituting this limit into the Friedmann equation (3.9) then
implies that H2 < 0. Although this is indicative of unphysical behaviour, it is
interesting because it implies that when 0 < ǫ < 1/4, the scale factor of the vacuum
brane is bounded from below and consequently can not approach zero in a continuous
fashion. It is interesting that this conclusion holds for arbitrary values of the black
hole mass.
In the remaining region of parameter space, ǫ(4ǫ− 1) > 0, it follows that Y → 0
at some finite value of the scale factor as the spatial volume decreases, assuming
implicitly that the black hole mass parameter µ˜ > 0. Although the Hubble parameter
remains finite as Y → 0, the Ricci curvature of the world–volume diverges and this
corresponds to a singular initial state of finite volume. It is difficult to motivate such
behaviour from a physical point of view.
To summarize, thus far, there is a lower limit to the spatial volume associated
with physical cosmological solutions on the brane world–volume. This conclusion
holds for all values of ǫ, and hence the Gauss–Bonnet coupling, c. It is also indepen-
dent of the value of the bulk cosmological constant (modulo the restriction imposed
in this Section that l2 > 0). This implies that the vacuum brane can not expand
from a big bang initial (singular) state of vanishing spatial volume.
When the black hole charge is non–trivial, the functional forms of Eqs. (3.13)
and (3.14) differ in the limit of small scale factor. In particular, they are dominated
by the term proportional to Q˜2/a2, indicating that a necessary condition for the
brane to expand from an arbitrarily small volume is that Q˜2 < 0. Since the charge
of the black hole should be real, this implies that ǫ < 0 (c < 0). In this case, it is
possible to find appropriate values of the charge to ensure that Y is positive–definite.
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On the other hand, since Eq. (3.13) becomes dominated by the third term on the
right hand side, we must choose the positive branch in this limit. However, in this
region of parameter space, we deduce that
G2
H2 →
X
4a2
(4.5)
and it follows, after substitution into Eq. (3.9), that the scalar factor of the world–
volume is once more bounded from below, as in the charge neutral case.
We conclude, therefore, that the charge and mass of the bulk black hole have
significant effects on the asymptotic behaviour of the brane cosmology at small spatial
volumes, but become negligible in the region of parameter space where expansion is
unbounded from above.
Before concluding this Section, we consider a second special case where the re-
striction on the positivity of Eq. (3.13) need not be imposed. This arises when the
tension of the brane formally vanishes, η → 0. Although the interpretation of a vac-
uum brane with vanishing tension is unclear (note that the effective tension does not
vanish), the function X in this case appears linearly in the Friedmann equation (3.9).
Moreover, it follows from Eq. (4.2) that ǫ = 1/12 when the brane tension vanishes
and it is interesting that this is precisely the critical value for the thermodynamical
entropy associated with the bulk black hole spacetime to also vanish [23]. This value
of ǫ ensures that Eq. (3.14) is always positive when the black hole is neutral and we
may therefore consider the small volume behaviour of the brane5. The limit of the
Friedmann equation (3.9) is then deduced from Eq. (4.4):
H2 =
X
a2
(
−21
25
∓ 4a
2
25κ2
√
µ˜
)
= − 21
25a2
(
k
2
∓
√
µ˜
6c
)
− 63
25l2
(4.6)
∓
(
k
2
∓
√
µ˜
6c
)
4
25κ2
√
µ˜
+O (a2) . (4.7)
Eq. (4.6) implies that the brane behaves as if it were dominated by its spatial
curvature, in the sense that H ∝ a−1. (There is a subdominant negative cosmological
constant). The specific curvature of the spatial hypersurfaces of the induced metric
of the brane is uniquely specified by the sign of k. However, the brane acts as if it
had arbitrary curvature, because the sign of the first term on the right hand side of
Eq. (4.6) is not specified a priori. It is determined by the mass of the black hole and
the Gauss–Bonnet coupling.
This concludes the discussion on brane dynamics in asymptotically AdS bulk
spaces. In the next Section, we determine the form of the Friedmann equation when
the bulk space is asymptotically de Sitter.
5We do not consider the charged case, since this requires ǫ < 0 for consistency.
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5. Brane Dynamics in Asymptotically dS Space
In the case where l2, as defined in Eq. (2.7), is formally negative, the higher–
dimensional bulk spacetime is asymptotically de Sitter space. In order to analyse
this region of parameter space, it proves convenient to define
l¯2 ≡ −l2 > 0 . (5.1)
If we then consider a metric of the form (2.10), where
g¯ijdx
idxj ≡ l¯2 (−dτ 2 + dΩ2k,3) , (5.2)
is introduced instead of Eq. (2.11), we find that the effective Hubble parameter on
the brane is given by
H2 = A2,y −
e−2λe−2A
l¯2
. (5.3)
We may now follow the same argument as that presented in Section 3 to deduce
the form of A,y. Omitting the details, we find after defining the parameters:
ǫ¯ ≡ cκ
2
l¯2
, µ¯ ≡ µl¯
2
κ4
, Q¯2 =
2c
3
Q2 (5.4)
that the Friedmann equation has the form
H2 =
G¯2
H¯2 −
X¯
a2
, (5.5)
where
G¯ = 4η ± 12X¯
1/2
Y¯ 3/2a7
{
3Q¯4 + 16ǫ¯2µ¯2 (4ǫ¯+ 1)2 a4
+6Q¯2a2
(
2ǫ¯µ¯ (4ǫ¯+ 1) +
(4ǫ¯+ 1)2
4κ4
a4
)}
(5.6)
H¯ ≡ −48
κ2
∓ 12
Y¯ 3/2a6
{
6Q¯4 + 3Q¯2
(
−10ǫ¯µ¯(4ǫ¯+ 1)a2 − 3 (4ǫ¯+ 1)
2
4κ4
a6
)
+2a4

5 (−2ǫ¯µ¯ (4ǫ¯+ 1))2 + 6
(
(4ǫ¯+ 1)2
4κ4
)2
a8
+
9 (4ǫ¯+ 1)3 ǫ¯µ¯
2κ2
a4
)}
(5.7)
and
X¯ ≡ k
2
+
a2
4ǫ¯l¯2
± Y¯
1/2
2c
(5.8)
Y¯ ≡ 2ǫ¯µ¯(4ǫ¯+ 1)− Q¯
2
a2
+
(4ǫ¯+ 1)2
4κ4
a4. (5.9)
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The dependence on the scale factor, a, of the Friedmann equation (5.5) is iden-
tical to that given in Eq. (3.9). Thus, in general, Eqs. (5.8) and (5.9) must remain
positive definite and the asymptotic limit of the brane in the large volume limit is
qualitatively similar to the corresponding model where the bulk space is asymptot-
ically AdS (l2 > 0). The region of parameter space where such a limit is consistent
is given by 1 ± |4ǫ¯ + 1| > 0 if ǫ¯ > 0 and 1 ± |4ǫ¯ + 1| < 0 if ǫ¯ < 0. Finally, similar
conclusions to those of previous Section are drawn regarding the restrictions on the
small volume limit.
The physical interpretation of the functions (5.6), (5.7) and (5.8) may also be
made along similar lines to that discussed in Section 4. In the next Section, we con-
sider the physical interpretation of the Friedmann equation (3.9) in more detail and
investigate whether an analogy can be made between this equation and a generalized
Cardy–Verlinde formula [24, 25].
6. Cosmological Entropy and Generalized Cardy-Verlinde
Formula
As we have seen in the previous Sections, the GB term in action (2.1) results in a
complicated form for the Friedmann equation (3.9). Recently, Verlinde [24] drew
an interesting analogy between the FRW equations of a standard, closed, radiation–
dominated universe and the two-dimensional entropy formula due to Cardy [25]. In
this Section, we will extend this analogy to the FRW equations under consideration.
Let us first investigate this analogy in Einstein gravity for the usual (n + 1)-
dimensional FRW Universe with a metric
ds2 = −dτ 2 + a2(τ)gijdxidxj, (6.1)
where the n-dimensional spatial hypersurfaces with negative, zero or positive cur-
vature are parametrized by k = −1, 0, 1, respectively6. We limit our discussion
mainly to that of the closed universe (k = 1), with a spatial volume defined by
V = an
∫
dnx
√
g. The standard FRW equations may then be written as
H2 =
16πG
n(n− 1)ρ−
k
a2
,
H˙ = − 8πG
(n− 1) (ρ+ p) +
k
a2
, (6.2)
where ρ = ρm +
Λ
8piG
, p = pm − Λ8piG , Λ is a cosmological constant and ρm and pm are
the energy density and pressure of the matter contributions. The energy conservation
6In our discussion of cosmology based on Einstein gravity, we parametrize the curvature of the
spatial hypersurfaces in terms of k = −1, 0, 1 since direct comparison with the standard cosmological
equations is then straightforward.
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equation is
ρ˙+ n(ρ+ p)
a˙
a
= 0 (6.3)
and, for a perfect fluid matter source with equation of state pm = ωρm (ω =
constant), Eq. (6.3) is solved as:
ρ = ρ0a
−n(1+ω) +
Λ
8πG
. (6.4)
The definitions for the Hubble, Bekenstein and Bekenstein-Hawking entropies
are [24]:
SH = (n− 1)HV
4G
, SBH = (n− 1) V
4Ga
, SB =
2πa
n
E , (6.5)
where the total energy, E, is defined as E = ρV and contains the contribution from
the cosmological constant term. This differs from that of the standard case, where
the definitions of the entropies SBH and SB may differ slightly in their coefficients.
This is specific to the presence of a cosmological constant [30, 31].
By employing the above definitions (6.5), one can easily rewrite the FRW equa-
tions (6.2) as a cosmological Cardy-Verlinde (CV) formula:
SH =
2π
n
a
√
EBH (2E − kEBH) ,
kEBH = n (E + pV − THSH) , (6.6)
where the energy and Hawking temperature of the black hole are defined as
EBH = n(n− 1) V
8πGa2
, TH = − H˙
2πH
. (6.7)
and we have separated the energy into a matter part and a cosmological constant
part, i.e., E = Em + Ecosm, where Ecosm =
Λ
8piG
V . This is simply a way to rewrite
the FRW equations in a form that resembles the equation defining the entropy of
a two–dimensional CFT. However, the following remark is in order: the presence
of cosmological constant may change some of the coefficients in Eq. (6.6) and this
depends on precisely how the separation between the strongly and weakly interact-
ing gravitational phases is made (compare with [30, 31]). In any case, the energy
associated with the cosmological constant term is hidden in the expression for E,
Eq. (6.6).
Eq. (6.5) may also be rewritten in another form:
S2H = SBH (2SB − kSBH) . (6.8)
Since the definition of SB normally contains only matter contributions, it is reason-
able to define SB ≡ SmB + ScosmB , where the entropy associated with the cosmological
constant is given by
ScosmB =
aV Λ
4nG
. (6.9)
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The appearance of such a new “cosmological constant” contribution to the entropy
in the CV formula is quite remarkable.
Thus far, we have discussed the appearance of the CV formula as a way to rewrite
the FRW equations. However, the CV formula appears in a second formulation when
one calculates the entropy, S, of the universe. Indeed, following Ref. [24], one can
represent the total energy E = ρV of the universe as the sum of the extensive energy,
EE , and the subextensive (Casimir) energy EC :
E(S, V ) = EE(S, V ) +
1
2
EC(S, V ) . (6.10)
Note that unlike the case considered by Verlinde [24], the cosmological constant
contribution appears in EE . Nevertheless, the constant rescaling of the energy is
given by
EE (λS, λV ) = λEE (S, V ) ,
EC (λS, λV ) = λ
1− 2
nEC (S, V ) . (6.11)
Now, if we assume that the first law of thermodynamics is valid and that the
expansion is adiabatic, we deduce that
dS = 0 , s =
an
T
(ρ+ p) + s0, (6.12)
where the entropy S ≡ s ∫ dnx√g, s0 is an integration constant and T is the tem-
perature of the universe. It then follows that the Casimir energy is given by [29]
EC = n (E + pV − TS) = −nTs0
∫
dnx
√
g (6.13)
and, consequently, that EC ∼ a−nω and EE−Ecosm ∼ a−nω. This further implies that
the products ECa
nω and (EE −Ecosm) anω are independent of the spatial volume of
the universe, V . By employing the scaling relations (6.11) one then concludes that
[29]:
EE − Ecosm = α
4πanω
Sω+1 , EC =
β
2πanω
Sω+1−
2
n , (6.14)
where α and β are arbitrary constants. Hence, the entropy is given by
S =
[
2πanω√
αβ
√
EC (EE −Ecosm)
] n
(ω+1)n−1
. (6.15)
Eq. (6.15) represents the generalization of the Cardy-Verlinde formula found by
Youm [29] in the absence of a contribution from the cosmological constant. The
negative term associated with such a cosmological entropy is quite remarkable. In
the case of a radiation-dominated universe, Eq. (6.15) reduces to the standard CV
formula with the familiar square root term.
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We may now proceed to consider whether a similar formulation of the Friedmann
equation (3.9) is possible for the Einstein–GB–Maxwell braneworld model. We may
rewrite Eq. (3.9) in the form:
H2 = − k
2a2
+
κ24
6
E˜
V
,
E˜ =
6V3a
3
κ24
[ G2
H2 −
1
2a2
{
a2
2ǫl2
± Y
1/2
c
}]
,
V = a3V3 , (6.16)
where V3 is the volume of the three–dimensional sphere with unit radius and κ4 is
the four–dimensional gravitational coupling.
In [24], it was shown that the standard FRW equation in d dimensions can be
regarded as a d–dimensional analogue of the Cardy formula for a two–dimensional
CFT [25]:
S˜ = 2π
√
c
6
(
L0 − k
d− 2
c
24
)
, (6.17)
where c is the analogue of the two-dimensional central charge and L0 is the analogue
of the two-dimensional Hamiltonian. In the present case, making the identifications
2πE˜r
d− 1 → 2πL0 ,
(d− 2)V
κ2dr
→ c
24
,
4π(d− 2)HV
κ2d
→ S˜ , (6.18)
implies that the FRW-like equation (6.16) has the same form as Eq. (6.17). This is
the first analogy that has been made with the CV formula, when one rewrites the
FRW equation in a form similar to that of the Cardy formula.
It is also interesting to develop a relationship with thermodynamics. In [23],
it was shown that the thermodynamical energy, E, and entropy, S, of the bulk
spacetime are given by
E =
3l2
16κ2
V3 (1− 12ǫ)
(
k2 +
16κ4µ˜
l4
)
, (6.19)
S = V3
κ2
(
1− 12ǫ
1− 4ǫ
)(
4πr3H + 24ǫkπrH
)
+ S0 , (6.20)
where rH is the black hole radius, defined by the condition that e
2ν in Eq. (2.5)
vanishes at r = rH . This constraint reduces to
0 = r6H −
kl2r4H
2 (2ǫ− 1) −
κ4µ˜ (4ǫ− 1) r2H
2ǫ− 1 −
Q˜2κ4
2 (2ǫ− 1) (6.21)
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and solving Eq. (6.21) with respect to µ˜, we find that
µ˜ =
1
2κ4
(
kǫ− 1
2
)
−1
{
(2ǫ− 1)r4H − kr2H l2 −
Q˜2κ2l2
2cr2H
}
. (6.22)
It is unclear from the above relations how to relate the Friedmann equation to the
thermodynamics of the bulk black hole through a CV formula. In order to understand
this issue more fully, therefore, we now consider a simpler five-dimensional theory
that has a dual quantum field theory (QFT) analogue. Specifically, instead of the
Gauss-Bonnet theory, we can begin with the following five-dimensional, higher–order
gravity theory:
S =
∫
dd+1x
√
−Gˆ
{
aˆRˆ2 + bˆRˆµνRˆ
µν +
1
κ2
Rˆ− Λ
}
, (6.23)
where {aˆ, bˆ} are coupling constants. In this case, the Schwarzschild-anti de Sitter
(SAdS) space is an exact solution [12]:
ds2 = Gˆµνdx
µdxν
= −e2ρ0dt2 + e−2ρ0dr2 + r2
d−1∑
i,j
gijdx
idxj ,
e2ρ0 =
1
rd−2
(
−µ+ kr
d−2
d− 2 +
rd
l2
)
, (6.24)
where µ parametrizes the mass of the black hole and the scale parameter, l, is
determined by solving the constraint equation:
0 =
80aˆ
l4
+
16bˆ
l4
− 12
κ2l2
− Λ (6.25)
and the horizon radius, rh, is deduced by solving the equation e
2ρ0(rH ) = 0 in (6.24),
i.e.,
r2H = −
kl2
4
+
1
2
√
k2
4
l4 + 4µl2 . (6.26)
The Hawking temperature, TH , is then given by
TH =
(e2ρ)′|r=rH
4π
=
k
4πrH
+
rH
πl2
, (6.27)
where a prime denotes differentiation with respect to r. One can also rewrite the
mass parameter, µ, using rH or TH from Eq. (6.26) as follows:
µ =
r4H
l2
+
kr2H
2
= r2H
(
r2H
l2
+
k
2
)
=
1
4
(
πl2TH ±
√
(πl2TH)2 − kl2
)2
×
(
1
4l2
(
πl2TH ±
√
(πl2TH)2 − kl2
)2
+
k
2
)
. (6.28)
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The entropy S and the thermodynamical energy E of the black hole are given
by [12]
S = V3πr
3
H
2
(
8
κ2
− 320aˆ
l2
− 64bˆ
l2
)
=
V3π
16
(
πl2TH ±
√
(πl2TH)2 − kl2
)3( 8
κ2
− 320aˆ
l2
− 64bˆ
l2
)
. (6.29)
E =
3V3µ
8
(
8
κ2
− 320aˆ
l2
− 64bˆ
l2
)
. (6.30)
On the other hand, the FRW equations of the brane universe in the SAdS background
are given by
H2 = − k
2a2
+
κ24
6
E˜
V
, H˙ = −κ
2
4
4
(
E˜
V
+ p
)
+
k
2a2
,
E˜ =
6µV3
κ24a
, p =
2µ
a4κ24
, V = a3V3 ,
1
κ24
=
l
2
(
1
κ2
− 40aˆ
l2
− 8bˆ
l2
)
. (6.31)
Since 3p = E˜/V , the trace of the energy-stress tensor arising from the matter on the
brane vanishes, i.e., Tmatter µµ = 0. Thus, the matter on the brane can be regarded
as radiation or, equivalently, as massless fields. In other words, the field theory on
the brane should be a conformal theory.
We now assume that the total entropy S of the CFT on the brane is given by
Eq. (6.29). If this entropy is constant during the cosmological evolution, the entropy
density s is given by
s =
S
a3V3
=
4πr3H
κ˜2a3
=
8πr3H
lκ4a3
. (6.32)
If we further assume that the temperature T on the brane differs from the Hawking
temperature TH by the factor l/a (for a discussion of why such a rescaling is necessary,
see [32]), it follows that
T =
l
a
TH =
rH
πal
+
kl
4πarH
(6.33)
and, when a = rH , this implies that
T =
1
πl
+
k
4πr2H
. (6.34)
If the energy and entropy are purely extensive, the quantity E˜ + pV − TS vanishes.
In general, this condition does not hold and one can define the Casimir energy EC
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as in the above case for Einstein gravity:
EC = 3
(
E˜ + pV − TS
)
. (6.35)
Then, by using Eqs. (6.31), (6.32), and (6.33), we find that
EC =
6kr2HV
κ24a
4
=
6kr2HV3
κ24a
=
3lkr2HV3
κ24a
(
1− 40aˆκ
2
l2
− 8bˆκ
2
l2
)
. (6.36)
Consequently, the Casimir energy vanishes for k = 0. When aˆ and bˆ are small, EC
is positive (negative) for k = 2 (k = −2). If, on the other hand, either aˆ or bˆ is large
and positive, EC can be negative (positive) even when k = 2 (k = −2). Finally, by
combining Eqs. (6.29), (6.31), and (6.36), for the case where k 6= 0, we find that
S = 4πa
3
√|2k|
√∣∣∣EC (E˜ −EC)∣∣∣ . (6.37)
Eq. (6.37) has precisely the same form as the corresponding equation that arises
in Einstein gravity. Thus, we have demonstrated how the FRW equation, when
written in the CV form, can be related to the thermodynamics of the bulk black
hole. However, in the theory where the GB term is present, it is anticipated that the
dual QFT (if it exists) will not be a conformal theory. In this case, an extension of
AdS/CFT correspondence to include a non–CFT will be required and it is not clear
how the FRW equation can be related to black hole thermodynamics in this scenario.
It is possible that strong differences between the two approaches may arise.
7. Discussion
In this paper we have derived the brane Friedmann equation for the general, vacuum
FRW brane embedded in five–dimensional Einstein–GB–Maxwell gravity, where the
bulk spacetime may be interpreted as a charged black hole in an asymptotically AdS
(or dS) space.
Recently, brane dynamics of the second Randall-Sundrum model [5] has been
discussed within the framework of Einstein–GB gravity [15, 16, 17]. Our approach
is different to these previous works because we have considered the surface terms
that must be introduced into the bulk action (2.1) to ensure that the variational
principle is well–defined. Moreover, our boundary action is fixed by the finiteness
of the bulk space, or equivalently, by cancelling the leading–order divergences in the
asymptotically AdS bulk.
It is well known that in Einstein gravity, the variational principle is ill–defined
when the manifold has a boundary, since the scalar curvature contains second–order
derivatives of the metric, gµν . Consequently, when the action is varied with respect
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to the metric, it acquires a non–trivial term that is proportional to the derivative of
δgµν with respect to the coordinate that is transverse to the boundary. This term
is cancelled by introducing the Gibbons–Hawking surface term [27] into the action.
In this paper, the analogous counterterms for the GB contribution were introduced,
together with the Gibbons–Hawking term and the leading counterterm arising from
the brane vacuum energy. The crucial point is that once the action is varied, terms in
δA,y no longer arise, thus ensuring that the variational principle is now well–defined
[12]. Extremizing the action then led to the functional form of A,y and, hence, the
effective Friedmann equation (3.9) on the brane. We emphasize that the introduction
of the boundary terms is not ad hoc and that their functional form is determined
directly from the requirement that the variational principle be well defined and that
the bulk space should be finite.
When the higher–order Gauss–Bonnet terms are present, the derivative terms in
Eq. (3.3) are non–trivial because the bulk spacetime is no longer an Einstein space.
This leads to the extra complications in the form of A,y, as summarized in Eq. (3.7),
once the expressions (3.4) and (3.5) for the Ricci scalar and tensor are substituted.
Consequently, the form of the Friedmann equation (3.9) is itself highly non–
trivial. Nevertheless, the qualitative dynamics can be established. The condition
(4.2) may be imposed on the parameters of the model by requiring the bulk action
to be finite. When this condition is satisfied, the effective cosmological constant on
the brane vanishes for the negative–branch cosmologies. The main conclusion is that
although the charge and mass of the bulk black hole are negligible at large spatial
volumes, they radically alter the dynamics as the scale factor diminishes in size. In
particular, the Friedmann equation is dominated by a negative term in the limit of
vanishing spatial volume, implying that such a limit is unphysical.
Finally, we discussed two approaches where a (generalized) Cardy-Verlinde for-
mula arises in FRW cosmology. The first approach rewrites the FRW equations
in a suitable form and this method may be adapted to the GB braneworld model
considered in this paper. In the second approach, the entropy of the universe is
calculated in terms of a dual quantum field theory. However, at present, it is not
clear how this technique may be employed within the context of the GB braneworld
scenario, since it is expected that the QFT that is dual to the AdS black hole should
be non-conformal in the presence of a GB term.
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A. Appendix
When the five–dimensional metric has the form given in Eqs. (2.10) and (2.11), the
non–vanishing components of the curvature tensor and its contractions are:
Ryiyj = e
2A
(−A,yy − (A,y)2) g˜ij
RyAσB = −l2e2AA,yσgsAB
RσAσB =
(−l2e2AA,σσ − l2e4A (A,y)2) gsAB
RABCD =
(
l2e2A − l2e2A (A,σ)2 − l4e4A (A,y)2
)
(gsACg
s
BD − gsADgsBC)
Ryy = 4
(−A,yy − (A,y)2)
Ryσ = −3A,yσ
Rσσ = l
2e2A
(−A,yy − 4 (A,y)2)− 3A,σσ
RAB =
(
l2e2A
(−A,yy − 4 (A,y)2)− A,σσ − 2 (A,σ)2 + 2) gsAB
R = −8A,yy − 20 (A,y)2 + l−2e−2A
(−6A,σσ − 6 (A,σ)2 + 6) , (A.1)
where gsAB represents the metric on the three–space with the line–element given by
dΩ2k,3 in Eq. (2.11).
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